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Partial Differential equation:

If an equation involving a dependent variables and its derivatives with respect to two or more 

independent variables then the equation is said to be partial differential equation.
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Formation  of Partial Differential Equation
By eliminating of arbitrary constants 

Problems

Form PDE by eliminating arbitrary constants from

Sol: we have,

Differentiating (1) w.r.t to x and y, we get

Aditya Engineering College(A)

2

2

2

2

2
b

y

a

x
z +=

)1(2
2

2

2

2

→+=
b

y

a

x
z

)2(
2

2 2

22
→===





p

x
a

a

x
p

a

x

x

z

6/21/2021 Dr. B. Krishnaveni PDVC



substituting (2) &(3)  in (1) we get

which is our required PDE
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)1)(( +−= qpzz
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Formation of PDE

By eliminating of arbitrary functions 

Problems

1.Form PDE by eliminating arbitrary functions from

Sol: we have,

Differentiating (1) w.r.t to x and y, we get
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(2)       (3) ,we get

which is our required PDE
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Form PDE by eliminating arbitrary functions from

Sol: we have,

i.e.,

Differentiating (1) w.r.t to x and y, we get
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(2)       (3) ,we get

which is our required PDE
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Solution of Partial Differential Equation
Linear Partial Differential Equation of first order 

Lagrange’s linear equation:

A Linear Partial Differential Equation of the form

Pp+Qq=R 

where P,Q,R are functions of x,y.z is called Lagrange’s linear equation

Aditya Engineering College(A)
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To Solve Pp+Qq=R :

1.Write the auxiliary or subsidiary equations

(a) Method of grouping:
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Then the general solution is given by

f(u,v)=0 or f(u)=v

(b) Method of multipliers:

Consider 

Identify the multipliers l,m,n not necessarily constants, each ratio 
equals to

Choose l,m,n So that   lP+mQ+nR=0  then ldx+mdy+ndz=0
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On integrating we get,

Similarly ,by choosing another set of l,m,n we  have another 
independent solution

Then the general solution is given by

f(u,v)=0 or f(u)=v

Aditya Engineering College(A)
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4.Solve the PDE

Sol:  Given,

The auxiliary equations are

i.e.,
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Consider,

On integrating ,we get

now consider,

On integrating ,we get
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Hence the general solution is

i.e.

, where f is arbitrary
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5.Solve the PDE

Sol:  Given,

The auxiliary equations are

i.e.,
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Consider,

On integrating ,we get

now consider,

On integrating ,we get
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Hence the general solution is

i.e

,where f is arbitrary
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3.Solve the PDE

Sol:  Given,

The auxiliary equations are

i.e.,
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Consider,

On integrating ,we get

Now taking l=x,m=y,n=1 as multipliers, we get
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on integrating, we get

Hence the general solution is

i.e.,

,where f is arbitrary
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.Solve the PDE

Sol:  Given,

The auxiliary equations are

i.e.,
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Now (1) can be written as

Now taking l=1,m=1,n=1 as multipliers, we get

on integrating, we get
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Also (1) can be written as

Now taking l=1,m=1,n=1 as multipliers, we get
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on integrating, we get

Hence the general solution is

i.e.,

,where f is arbitrary
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Practice problems

1.Form the PDE by eliminating arbitrary fuction from 

2. Solve the PDE

3. Solve the PDE

Aditya Engineering College(A)
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Non-Linear Partial Differential Equation

A PDE which involves first order partial derivatives p and
q with degree higher than one and the products of p
and q is called a non-linear PDE

There are six types of non-linear PDE of first order

Aditya Engineering College(A)
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Type-I: Equations of the type f(p,q)=0

Method of solution:

Let the required solution be z=ax+by+c

then                             and

substituiting in f(p,q)=0, we get  

f(a,b)=0 

From this we obtain b in  terms of a. let b=Ø(a)

Then the the required solution be z=ax+Ø(a)y+c
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Problems

1.Solve  

Sol:  Let the solution be

substitute in  the given equation, we get 

From (1),

which is the required solution 
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4.Solve  

Sol:  Let the solution be

substitute in the given equation, we get 

From (1),

which is the required solution 
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Type-II: Equations of the type f(z,p,q)=0

Method of solution:

Let the required solution be z=f(x+ay)=f(u) i.e., u= x+ay

then                                                      and

substituiting the values p and q  in f(z,a,b)=0, we get  

The solution of this ordinary DE will give the solution of f(z,p,q)=0

Aditya Engineering College(A)
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Problems

Solve  

Sol:  The equation is in the form of f(z,p,q)=0

Let z=f (u) where u=x+ay

substitute  p and q values in the given equation , we get 

Aditya Engineering College(A)

22 zpqp =+

du

dz
aq

du

dz
p == ,

222 )()( z
du

dz
a

du

dz
=+

21-06-2021 Dr.B.Krishnaveni PDVC



on integrating, we get

The required solution is
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Solve  

Sol:  The equation is in the form of f(z,p,q)=0

Let z=f(u) where u=x+ay

substitute  p and q values in the given equation , we get 
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on integrating, we get

The required solution is
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Type-III: Equations of the form 

Method of solution: Assume

solving for p and q, we get 

since z is a function of x and y, we have  

on integrating

Which is the required solution

Aditya Engineering College(A)
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Problems

1.Solve  

Sol:  Given,

Assume,

we have,
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Substituting p and q values, we get

on integrating, we get

which is the required solution 

Aditya Engineering College(A)
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Type-IV(Clairaut’s form): Equations of the form z=px+qy+f(p,q) 

Method of solution:

Let the required solution be z=ax+by+c

then                             and

substituiting in p=a and q=b in the given equation, we get 

z=ax+by+f(a,b)

which is the required solution
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Problems

1.Solve  

Sol:Given,

It is in the form of z=px+qy+f(p,q) 

Let the solution be

substitute in (1), we get 

which is the required solution
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Problems

2.Solve  

Sol:Given,

Aditya Engineering College(A)

)()( 2222 qpyqpqxppqz +++=

)()( 2222 qpyqpqxppqz +++=

)()(
2

2
2

2

p

q
ypq

q

p
xqppqz +++=

)()(
22

p

q
yq

q

p
xpz +++=

)1()(
33

→+++=
p

q

q

p
qypxz

21-06-2021 Dr.B.Krishnaveni PDVC



It is in the form of z=px+qy+f(p,q)

Let the solution be 

substitute in (1), we get 

which is the required solution
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Type-V: Equations of the type                                        and

Method of solution:

The above form can be transformed to f(P,Q)=0 or f(P,Q,z)=0 by 
following substitution

case (i):   when                and

put                                             , then

where 
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where

Then the given equation reduces to f(P,Q)=0 or f(P,Q,z)=0 

Case (ii): when m=1 and n=1

put X=logx and Y=logy. Then

where

Similarly,

Then the given equation reduces to f(P,Q)=0 or f(P,Q,z)=0 
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Problems

1.Solve  

Sol:Given,

This is in the form of

Here m=1 and n=1 

Put X=logx and Y=logy

now,
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Substituting in (1), we get

Let z=Ø (u) where u=X+aY be the solution of (2)

Then  

From (2),
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On integrating, we get

Hence the general solution is 
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Problems

2.Solve  

Sol:Given,

This is in the form of

Here m=-2 and n=-2 

Put 

now,
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Substituting in (1), we get

It is in the form of f(z,P,Q)=0

Let z=f(u) where u=X+aY be the solution of (2)

Then  

From (2),
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On integrating, we get

Hence the general solution is 
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Type-VI: Equations of the type                                     

Method of solution:

The above form can be transformed to any of the three forms of  by 
following substitution

put                         if                                              

and Z= logz if n=-1
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Problems

1.Solve  

Sol:Given equation can be written as

This is in the form of

Here n=1 

Put 

now,
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Substituting in (1), we get

We know that,
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On integrating, we get

Hence the general solution is 
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Practice problems

1. Solve the PDE

2. Solve the PDE

3. Solve the PDE

4. Solve the PDE
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222 1 qpz ++=
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122 =− qp
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Practice problems

5. Solve the PDE

6. Solve the PDE

7. Solve the PDE

8. Solve the PDE

9. Solve the PDE
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122 ++++= qpqypxz

z
y

q

x

p
=+

22

xypq −=−2

21-06-2021 Dr.B.Krishnaveni PDVC

22222 )( yxqpz +=+

yxqpz −=− )( 22



Dr.B.Krishnaveni                                             

ADITYA ENGINEERING COLLEGE(A)

21-06-2021 PDVC



Homogenous Linear PDE with constant coefficients
An equation of the form 

Where                                     are constants and F(x,y)  is a function in x and y is 
called Homogenous Linear PDE with constant coefficients of order n.

Write                     and                      then (1) can be written as
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D
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Solution of Homogenous Linear PDE with constant coefficients

The complete solution is given  by 

z=complementary function(C.F)+ Particular integral(P.I)

Where (a)complementary function(C.F) is the solution of the equation

(b) Particular integral(P.I) is the particular solution of

i.e.,
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Problems

1.Solve 

Sol: The given equation can be  written as 

where                  , 

put D=m and                 then the auxiliary equation is given

which is the required solution 

Aditya Engineering College(A)

022
3

3

2

3

2

3

3

3

=



−




−




+





y

u

yx

u

yx

u

x

u

21-06-2021 Dr.B.Krishnaveni PDVC

D
x
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 D
y

=



0)22( 3223 =−−+ uDDDDDD

1=D

0)2)(1)(1(022)1,( 23 =++−=−−+= mmmmmmmf

2,1,1 −−= m

)2()()( 321 xyfxyfxyfu −+++−=



2.Solve 

Sol: The given equation can be  written as 

where                  , 

put D=m and                 then the auxiliary equation is given

which is the required solution 
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3.Solve 

Sol: The given equation can be  written as 

where                  , 

put D=m and                 then the auxiliary equation is given

which is the required solution 
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4.Solve 

Sol: The given equation is 

where                  , 

C.F: put D=m and                 then the auxiliary equation is given

Aditya Engineering College(A)
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1=D
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, 

Now P.I  =  

[Put D=1,                ]

Hence the complete solution is given by

Aditya Engineering College(A)

21-06-2021 Dr.B.Krishnaveni PDVC

2=D

yxexyfxyxfxyfIPFCz 2

321
27

1
)()2()2(.. ++−++++=+=

yxe
DDDD

2

323 )43(

1 +

+−

yxe 2

323 )2(42)1(3)1(

1 +

+−
=

yxyx ee 22

27

1

3261

1 ++ =
+−

=



5.Solve 

Sol: The given equation can be written as 

where                  , 

C.F: put D=m and                 then the auxiliary equation is given

Aditya Engineering College(A)
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, 

Now P.I  =  

Hence the complete solution is given by
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6.Solve 

Sol: The given equation is 

C.F: put D=m and                 then the auxiliary equation is given
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1=D

0)2)(3)(1(067)1,( 3 =+−+=−−= mmmmmmf

2,3,1 −−= m

)2()3()(. 321 xyxyxyFC −+++−= 

yxeyxzDDD +++=−− 2323 )2sin()67(

yxeyxzDDD +++=−− 2323 )2sin()67(



, 

Aditya Engineering College(A)

21-06-2021 Dr.B.Krishnaveni PDVC



, 

Aditya Engineering College(A)

21-06-2021 Dr.B.Krishnaveni PDVC



7.Solve 

Sol: The given equation is 

C.F: put D=m and                 then the auxiliary equation is given
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1.Solve  

Sol: we have 

The given equation is 

C.F: put D=m and                 then the auxiliary equation is given
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Now P.I  =  

[Put D=3,                ]

-----case of failure

(Case of failure)
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Hence the complete solution is given by
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5.Solve 

Sol: The given equation  is 

C.F: put D=m and                 then the auxiliary equation is given
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Now P.I  =  

[Put                              ]

-----case of failure
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Hence the complete solution is given by
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General method
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